In this paper we investigate 3-prime near-rings with generalized two sided α-derivations satisfying certain differential identities. Consequently, some well known results have been generalized. Moreover, an example proving the necessity of the 3-primeness hypothesis is given.
Introduction and preliminaries
In this paper, N will denote a zero-symmetric right near-ring with multiplicative center Z(N). We will write, for all x, y ∈ N, [x, y] = xy − yx and x • y = xy + yx for the Lie product and Jordan product, respectively. N is 2-torsion free, if whenever 2x = 0 implies x = 0. Recalling that N is called 3-prime near-ring, will have the property that xNy = {0} implies x = 0 or y = 0 . In this paper, unless otherwise specified, we will use the word nearring to mean zero symmetric right near-ring. A nonempty subset I of N is called a semigroup right ideal (resp. semigroup left ideal) if IN ⊆ I (resp. NI ⊆ I); and if I is both a semigroup right and a semigroup left ideal, then I is said to be a semigroup ideal. An additive mapping δ : N → N is a derivation on N if δ(xy) = δ(x)y + xδ(y) for all x, y ∈ N.
During the last years, the study of the commutativity of 3-prime rings or 3-prime near-rings was one of the most important subjects in the researches of algebraists. In this direction, Bell and Mason [1] initialized this study using the notion of derivation defined in a prime ring. Argac [2] continued on the same line, he introduced the notion of two sided α-derivation defined as follows: an additive mapping d : N → N is called a two sided α-derivation if there exists a function α :
Bell, Boua, and Oukhtite [3] [4] [5] generalized some results known in this field involving the semigroup ideal instead of near ring and generalized derivation instead of the usual derivation.
Hence, it should be interesting to study the commutativity of a near ring N admitting some conditions. As a consequence, we generalized Theorems [7 
for all x, y ∈ N.
Simply, we prefer to call F a generalized two sided α-derivation without mentioning d . For α = I N , a twosided α-derivation is of course the usual derivation, thereby F must be a generalized derivation associated with d.
Main results
Throughout the present paper, d is a two sided α-derivation associated with an homomorphism α of N We begin with the following lemmas which is essential in developing the proof of our main results. 
Proof. (i) ⇒ (ii) By hypothesis given, we get
for all x, y ∈ N,
Comparing the two equations, then we conclude that
Similarly, we can prove the other implication. 
Proof. From the computation of d(t(xy)) and d((tx)y),
we obtain the required result.
Theorem 1. Let N be a 3-prime near-ring and I be a nonzero semigroup ideal of N . If N admits a nonzero two sided α-derivation d such that d(I) ⊆ Z(N), then N is a commutative ring.
Proof. We are given that
Invoking Lemma 5, we obtain
Replacing t by α(y) in (1), we get
Since N is 3-prime near-ring, it follows that, either
If d(y) = 0 for all y ∈ I, then one can easily see that d = 0, a contradiction. Therefore, we may choose an element y 0 ∈ I such as d(y 0 ) / = 0 and thus α(y 0 )x = xα(y 0 ) for all x ∈ I. Replacing x by tx where t ∈ N, we arrive at [α(y 0 ), t]I = {0} for all t ∈ N and hence α(y 0 ) ∈ Z(N) by Lemma 2. Taking y 0 instead of y in (1), we obtain
in such a way that
Using the 3-primeness of N, because of d(y 0 ) / = 0, then (4) forces I ⊆ Z(N) and Lemma 1(ii) assures that N is a commutative ring.
Corollary 1. [[7, Theorem 2.1]] Let N be a 3-prime near-ring, and I be a nonzero semigroup ideal of N. If N admits a nonzero derivation d for which d(I) ⊆ Z(N), then N is a commutative ring.
As an application of Theorem 1, we get the following theorems.
Theorem 2. Let N be a 3-prime near-ring and I a nonzero semigroup ideal of N. If N admits a generalized two sided α-derivation F associated with a nonzero two sided α-derivation d such that F([x, y]) = 0 for all x, y ∈ I, then N is a commutative ring.
Proof. We are assuming that
Taking yx instead of y in (5) and noting that [x, yx] = [x, y]x, we arrive at
Replacing y by zy in (6) and invoking (6), we find that
Which can be rewritten as
Using Lemma 3, (7) shows that
It follows that for each fixed x ∈ I, we have
Let x 0 ∈ I ∩ Z(N), by Lemma 4 and defining property of d, we have for all y ∈ N,
Hence,
On the other hand, from
In particular, taking t ∈ I in (10) and using (9), we have
Replacing t by yt in the last equation where y ∈ N, we get
Which reduces to If N is 2-torsion free, the conclusion of Theorem 2 is not true if we replace the product [x, y] with x • y. In fact, we obtain the following result:
Theorem 3. Let N be a 2-torsion free 3-prime near ring and I a nonzero semigroup ideal of N . Then N admits no generalized two sided α-derivation F associated with a nonzero two sided α-derivation d such that F(x • y) = 0
for all x, y ∈ I .
Proof. Assume that
Substituting yx for y in (11) and noting that x • (yx) = (x • y)x, we find that
From this relation, we obtain xyd(x) = −yxd(x) for all x, y ∈ I.
Replacing y by zy in the last equation, we get
Which means that
So that,
Once again Lemma 3, (12) reduced to
for all x ∈ I.
If there is an element x 0 ∈ I such that −x 0 ∈ Z(N), then by an argument similar to that in the proof of Theorem 2; more precise after (8) we arrive at
On the other hand,
we have d((− x 0 )(− t)) = d((− t)
(− x 0 )) for all t ∈ N . Thereby, for all t ∈ I we have
It now follows from (14) and (15) that
Replacing t by x 0 y in (16) and using this, we obtain Taking into account N is 3-prime and I / = {0}, we conclude that
Replacing y by ny in (22) where n ∈ N, we get α(− y 0 )ny = nyα(− y 0 ) = nα(− y 0 )y. Therefore [α(− y 0 ), n]y = 0 for all n ∈ N, y ∈ I . Consequently, α(− y 0 ) ∈ Z(N) by Lemma 2. Returning to (18) and putting y 0 instead of y, we get
for all x ∈ I, t ∈ N and thus −x ∈ Z(N) for all x ∈ I. Which means that −I ⊆ Z(N). Since −I is a right semi group ideal (it is easy to verify this), we conclude that N is a commutative ring by Lemma 1(ii). In this case, returning to hypothesis, we find that F(xy) = 0 for all x, y ∈ I. In particular
for all x, y ∈ I, z ∈ N.
Therefore d = 0, which contradicts our original assumption that d / = 0 .
Corollary 4. Let N be a 2-torsion free 3-prime nearring. N admits no nonzero derivation d such that d(x
In the following two theorems, we assume that the α function is also surjective. Proof. Assume that
Substituting yx for y in (23), we arrive at
So,
for all x, y ∈ I.
We infer that
with J = α(I); since α is surjective, then J is a semigroup ideal of N. Taking tj instead of j in (24) and invoking this, we get
By Lemma 3, (25) shows that
Let x 0 ∈ I such as d(x 0 ) = 0, then
for all u ∈ I.
Combining both expressions of d(x 0 u), we find that
Replacing u by tu in (27) and using Lemma 5, we obtain
This equation can be written as Proof. We are assuming that
Replacing y by yx in (29), we get
Taking into account (29), the last equation becomes
for all x ∈ I, j ∈ J = α(I).
Putting tj instead of j in (30), we obtain α(x)tjd(x) = (−t)(−α(x)jd(x))
for all x ∈ I, j ∈ J, t ∈ N.
Which can be written as (−(−α(x))t + t(−α(x)))Jd(x) = {0}
for all x ∈ I, t ∈ N.
In view of Lemma 3, (31) shows that
With a demonstration similar to that of Theorem 4, more precise after the equation (26) 
an argument similar to that used in the proof of Theorem 3 shows that N is a commutative ring. To complete the proof, we need to reprocess our hypothesis F(x • y) = x • y for all x, y ∈ I . By 2-torsion freeness of N, we have F (xy) = xy for all x, y ∈ I.
Substituting yz for y in (34), we get
So we arrive at xyd(z) = 0 for all x, y ∈ J, z ∈ N. Consequently d = 0, a contradiction. 
